1. Introduction.-In the theory of neutron transport, the determination of the critical mass of a reactor is reduced to a determination of the spectral radius of a linear integral operator T. Various methods are available for estimating this quantity."' 2
The operator T is obtained by passing from the steady-state transport equation for the neutron angular distribution to an integral equation for the neutron flux. At one stage in this transformation, T is represented as an integral of a one-parameter family of compact self-adjoint operators whose spectral resolution is known.
We exploit this to obtain upper-bound estimates on the spectral radius of T, i.e., lower-bound estimates for the critical mass. This is done for spheres and slabs under the assumption of mono-energetic neutrons and isotropy of the collision-fission process. A numerical example is given for a bare slab as evidence of the accuracy of the bounds.
We plan to pursue this idea in more generality elsewhere. It is also planned to give a more comprehensive analysis of the accuracy of the bounds obtained here.
2. The Transport Equation.
-We consider a slab reactor which is infinite in two dimensions and of finite thickness 2a. We make the assumptions of constant mean free path (which we choose as the unit of length), constant energy, and isotropy of the collision-fission process. The slab is surrounded by a perfect absorber.
The steady-state neutron flux in a critical reactor solves the eigenvalue problem
where p is required to be nonnegative. The function c(x) is the average number of neutrons produced per collision. The theory will apply to any nonnegative function c(x); however, for the explicit results which we present, it will have the form c(x) = cl <1,
Of course, (2.1) has a nontrivial solution only for special values of cl, C2, a ,and b.
Our objective is to estimate the relationship that must hold among these quantities. An equivalent statement to (2.1) is that we vary a and b until c2X = 1, where X is the maximal real eigenvalue of the operator T, defined by Tf-s TA(f) 2 (2.3) and T ef(s) = j e18 -S/Uf(t)c(t)dt. it is also one step in the derivation of (2.1) from the steady-state transport equation for the neutron angular distribution.
The operators T and T,,(M > 0) are compact self-adjoint operators in the real Hilbert space L2 [-a, a] , where the inner product is defined by (A, g) = faa f(x)g(x)c(x)dx.
(2.5) With the simple function c defined in (2.2), it is easy to compute the spectral resolution of the operators T., (,u > 0) , since they are inverses of one-dimensional diffusion operators with separated end-point boundary conditions. The operators T., (jA > 0) do not commute, so that we do not obtain immediately the spectral resolution of the operator T. However, the spectral resolutions of the T., (A > 0) can be used to give a representation to the operator T which is free of the logarithmic singularity evident in (2.1). In addition, we obtain estimates on the eigenvalues of T.
Since T and the T. are positive and self-adjoint, the maximal eigenvalue of T is given by X(T) = max (Tf, f)c = max (TA, ff) (2.6)
The critical dimension of a slab with given values of c1 and c2 is determined by varying a and b until C2X(T) = 1. This, of course, is not unique for finite reactors unless a = b. However, (2.7) can be used, together with some conditions on a and b, to estimate the critical dimension. 3. The Bare Slab and Sphere.-We consider the relatively simple situation of a bare reactor so that a = b in (2.2).
With a computation of the spectrum of the operators T1., we obtain from (2.7) X(slab) < As a test of (3.1), we have used the Raleigh-Ritz method to obtain a lower bound on X(T) for the case a = 1. The numerical methods employed in the computations of the lower bound are accurate to two decimal places. We found 0.781 < X(slab, a = 1) . 0.784. There is no apparent simplification of the quadrature. If we allow the reflector to become infinite, we obtain 3/2C/sin p cos p dp X(T) < 1 -(1-r) cos2 t + 2b(1 -r)' J[ s r+ tan2 p,1 pi (4.4) with t tan t = [(1 -r)b2-rt2] 1/2 (4.5) 'Bellman, R., and R. Latter, "On the integral equation Xf(x) = faK(x -y)f(y)dy," Proc.
Amer. Math. Soc., 3, 884-891 (1952 Sweat glands of the cat's foot pad yield, upon stimulation of their nerve supply, electrical potential and electrical impedance changes recordable by means of electrodes placed one upon the foot pad, the other elsewhere on or under the skin surface. The impedance changes recently have been discussed in considerable detail as they relate to duct filling through sweat formation and duct emptying through reabsorption." 2 Relatively little attention has been accorded the electrical potential changes attributable in the cat's .foot pad to activity of sweat glands.
The first recordings of electrical potentials in the cat's foot pad were made by Waller3 in 1901 and 1904 who left no ,Ioubt as to their secreto-motor origin. More
